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Abstract. We calculate the DY — ¢ transition form factors V, Ag, A; and A, and study the semilep-
tonic decay of D — ¢fv based on the QCD sum rule method. We compare our results of the ratios of
V(0)/A1(0), A2(0)/A1(0), I,/ T'r, and the total decay branching ratio of DI — ¢fv with the experimental

data and find that they are consistent.

1 Introduction

The semileptonic decay of charm meson is important for
studying the strong and weak interactions. It can be
used to test techniques developed for solving perturba-
tive and non-perturbative problems in quantum chromo-
dynamics (QCD), and to extract elements of the Cabibbo—
Kobayashi-Maskawa (CKM) matrix. Semileptonic decay
is simpler than hadronic decay of the charm meson be-
cause leptons do not involve the strong interaction. The
amplitude of semileptonic decay can be decomposed into
several transition form factors due to the Lorentz property
of the hadronic matrix element. The form factors include
all the non-perturbative effects. Several methods can be
used to treat these problems, such as the quark model, the
QCD sum rule and lattice QCD, among which the QCD
sum rule and lattice QCD are based on first principles of
QCD.

The method of QCD sum rules [1] has been widely
used in hadronic physics since its establishment in the
late 1970s. For semileptonic decays of the charm meson,
Dt — K%™Ty, was firstly studied by the QCD sum rule
method with the three-point correlation function [2]. Sev-
eral years later, the QCD sum rule method was extended
to semileptonic decays of the B meson, B — D(D*){v [3]
and B — mev [4]. In these works, the form factors fy (¢?)
and fy(¢?) are calculated at the point ¢ = 0, where ¢ is
the momentum transfer squared. For the whole physical
region of 0 < ¢® < ¢2,., the form factors are either as-

sumed to be under pole dominance, f(0)/ (1 — m{éz ), or
pole

a linear approximation was used. In [5,6], D — K%y,
KO*eﬁ/e and D — mev, pev were studied, where the QCD
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sum rule method was extended to a very large value of ¢>
with a careful treatment of non-Landau-type singularities.
Dy decays to the n and 7’ final states were studied in [7].

In this work, we study DI — ¢fv by the QCD sum
rule method. This decay mode has been measured in an
experiment a long time before [8-11]. Now it is necessary
to analyze it theoretically. We perform a calculation up to
contributions of operators of dimension 6 in the operator-
product expansion (OPE) approach and keep the mass of
the s quark. In our result, the large contributions come
from the unit operator I (result of perturbative diagram)
and a condensate of operators of dimension 3. An op-
erator of dimension 5 gives a smaller contribution. The
contributions of operators of dimension 6 are negligible.
When calculating the contribution of a perturbative di-
agram and gluon condensate (operator of dimension 4),
Cutkosky’s rule has been used. Therefore the subtraction
of the continuum contribution is conveniently performed
not only for a perturbative diagram but also for the con-
tribution of a gluon condensate. After some long calcula-
tion steps, we find that the contributions of the diagrams
for the gluon condensate cancel each other, so there is no
gluon-condensate contribution in the D} — ¢ transition.
This is our new finding.

There are two independent Borel parameters M? and
M3 in manipulating three-point correlation functions. In
general, to simplify the numerical analysis, a fixed ratio
of M%/M2 was taken in recent references. In this work,
we make the numerical analysis in the whole region of
independent M} and M3 to select the stability “window”,
so it is different from taking a fixed ratio of these two Borel
parameters.

We calculate the Dy — ¢ transition form factors V,
Ap, Ay, A and the branching ratio of DI — ¢fv. Our
result of the ratios of V(0)/A1(0), A2(0)/A1(0), I./It
(I, and 't denote the decay widths of the D to ¢ meson
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in longitudinal and transverse polarization, respectively),
and the total branching fractions are in agreement with
the experimental data.

Recently, just before this work was finished, we found
that DI — ¢fv was also calculated in [12]. However, this
analysis is very different from ours. First, we carefully
keep to the requirement that the double Borel parame-
ters M? and M2 should not be too large for keeping the
continuum contribution small, and at the same time, M?
and M3 should not be too small for keeping the trun-
cated OPE series effective, i.e., we keep the contributions
of higher dimension operators small, and we get a very
different stability “window” for the Borel parameters. Sec-
ond, our results of the transition form factors are different
from theirs. Especially for As, these authors got a negative
value; however, we get positive one. Using their values of
the form factors, although one can get the total branching
ratio of DF — ¢fv to be compatible with the experimen-
tal result, the ratio of I, /It will be too large. But in our
case, I'1,/I'r = 0.99 £ 0.43, which is consistent with the
world average of 0.72 £ 0.18.

This paper is organized as follows. In Sect. 2, we briefly
introduce the QCD sum rule method used in this work.
Section 3 contains the calculation. Section 4 is the nu-
merical analysis and discussion. Section 5 is devoted to a
summary.

2 The method

To calculate the transition form factors of semileptonic
D, meson decays, the standard procedure in the QCD
sum rule method is to consider the three-point correlation
function defined by

1,, =i / d*xdtye> PV O| T {9 ()5,(0)78 ()}0),
(1)

with the currents having the same quantum numbers as
the relevant mesonic states under consideration, which are
defined by

(1) the current of the Dy channel, j2(y) = &(y)iyss(y);
(2) the current of the weak transition: j,(0) = 5v,(1 —
V5)¢;

(3) the current of the ¢ channel: j¢(x) = 5(x)7,s(x).

On one hand, inserting a complete set of intermediate
hadronic states into the correlation function, and using the
double dispersion relation, one can express the correlation
function in terms of a set of hadronic states,

,0(813827(12)
1, = /ds ds , 2
z M = R (52— 1) )
with
p(s1,52,4%) =D (01301 X ) (X |3, [Y)(Y[5]0)

XY
xd(s1 — m%)§(82 - m%{)e(Pg()e(ng)>

where X and Y denote the complete set of hadronic states
of the ¢ and D, channels, respectively. px and py are the
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four-momentum of the X and Y states, s; = p2, 52 = p%,
and ¢ = p; — po. Integrating over s; and s, in (2), we can
obtain

0171 X ) (X |5,V ) (Y5210
HW:ZHJVI ) |J|2>< 32)|>

(m2 — p2)(m% — p3 +continuum states.

XY

(3)

Separating the ground states of the Dy and ¢ channels,
apparently the above equation becomes

(013216)(17u|Ds){Ds|32’]0)
(m3,, —p?)(m3 — p3)

+ higher resonances and continuum states. (4)

1, =

The weak transition matrix element Dy — ¢ can be
decomposed as

<¢(E7p2)|jH|Ds(pl)>

2V (¢%)
= suuaﬁs*”p’fpgm

*

. e
-1 (% - ngqu) (mp, +me)A1(q?)

2 2 2
. mDs m¢ * AQ(q )
1 —_—— E . —_—
|1 p2)u q? q”] qua. + mg
2mee* - q
=g, Ao(g?), (5)

q

where ¢ = p; — po. The vacuum-to-meson transition am-
plitudes can be parameterized through defining the corre-
sponding decay constants,

(0157, 5|9) = me frel,
_ fp.m},

0]5iysc|Dg) = ——=. 6
(Ofsivse|Dy) = S2Pe (6)

Finally the correlation function can be expressed in terms
of the meson decay constants and the Dy, — ¢ transition
matrix element,

M foed) (B(e p2)|3,| D (p1)) fom,
(m3,, = p})(m2 = p3)(me + ms)

+higher resonances and continuum states.  (7)

H/LV =

On the other hand, the correlation function of (1)
can be evaluated at negative values of p? and p3 by the
operator-product expansion in QCD, in which the time-
ordered current operators in (1) is expanded in terms of a
series of local operators with increasing dimensions,

[ dtadtye T ),(050 ()
= C()p,y.[ + Cg#y@w + C4uy gBGaaﬁ
+ O W0asT GPW + Copy VTV + -+, (8)

where the Cj,, are Wilson coefficients, I is the unit op-
erator, YV is the local fermion field operator of the light
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quarks, G5 is the gluon strength tensor, I" and I are
the matrices appearing in the procedure of calculating the
Wilson coefficients. Sandwiching the left- and right-hand
sides of (8) between two vacuum states, we get the cor-
relation function in terms of the Wilson coefficients and
condensates of local operators,

HMV = 12/d4xd4yeip2~x—ip1'y<O|T{jf(x)ju(0)jéj(y>}|o>
= Cop I + Cgu,,<0|!p!p|0> + C4MV<O‘GZﬁGaQﬁ|O>

+ Cs <0|@GQBT‘1GM,@W‘O>

For later convenience, we shall reexpress the above equa-
tion. In general, it can be expressed in terms of six inde-
pendent Lorentz structures

H;w = 7f0€,uuaﬁp?p§
- i(flplﬂplu + f2p2pp2z/ + f3pll/p2y

+f4p1up2u + f5g/u/)' (10)

Each f; includes perturbative and condensate contribu-
tions

fi = fipert + fi(d) + fz’(4) + fz’(5) + fi(ﬁ) 4o (11)
where fi(3) -, fi(ﬁ) are contributions of condensates of di-
mension 3,4, 5,6, - - - in (9). In the next section we can see
that the perturbative contribution and gluon-condensate
contribution can be finally written in the from of this dis-
persion integration:

pert

er P; (817327q2)
frer :/d81d82 t )
(s1 —p})(s2 — p3)

(4) 2
(4) /ds ds, P (s1,52,4%) .
J: 2 Z ) (52 — )

We approximate the contribution of higher resonances and
continuum states as integrations over some thresholds s!
and s in the above equations. Then equating the two rep-
resentations of the correlation function in (7) and (10),
we can get an equation for the form factors. To improve
such an equation, we make a Borel transformation over p?
and p2 in both sides, which can further suppress higher
resonance contributions. The definition of a Borel trans-

formation to any function f(p?) is
2\n n
: S G A >
appe /P = lim (n—l)!a(p2)”f(p )

p?2 - —oo

—p2/n = M2
Some examples of the Borel transformation are given
in the following:
1 1 1 _s/M?
= e 5
p2 (s —p?)h (k= 1)1 (M?)k

for any k > 0.
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Equating the two representations of the correlation
function, subtracting the higher resonances and the con-
tinuum contribution, and performing the Borel transfor-
mation in both variables p? and p3, we finally obtain the
sum rules for the form factors,

V(q2) _ (me +ms)(mp, +mg)
2mg fofp,mp,
X em%-g/M%emi/MngMSBfo,
() = e )

mgfofp,mp_ (mp, +myg)
> eszS /M12€7,L35/M22M12M22Bf5,

me +ms)(mp, +m
Az(¢%) = ( )(mp 5 o)
me fofD,mp,
X emD /M7 emd,/MQ M2M2 (fl + fg)
+m) 2
Ao(?) = _(mc—&emDs/M1 o3 /M3 12 12
O(q ) 2m§)f¢stm2Ds 1 2
2 9 2

B(f1+f3)mD5 © 4 B(fi - f3) + f5,(12)

2

where Bf; denotes the Borel transformed f; in both vari-
ables p? and p3, and M; and M, are Borel parameters. Be-
cause we have subtracted the higher resonance and contin-
uum contribution, now the dispersion integration for the
perturbative and gluon-condensate contribution should be
performed under the threshold,

pet 2
51;827q)
frert — / ds / d82 ,
’ pl)(SZ_p%)
817827q2)

/ 81/ 2 (o1 — pl)(52_p%).

In the next section, we will explain the technique of
calculating the Wilson coefficients and give the resulting
form of the sum rules for the form factors.

3 The calculation of the Wilson coefficients

In this work, we first calculate the Wilson coefficients in
the operator-product expansion [13], then extract the rele-
vant terms f; for the sum rules of the form factors in (12).
We will not present the result of each Wilson coefficient
here because their forms are very tedious. We only give the
results of the form factors according to the contribution
of each condensate.

3.1 The calculation of the perturbative part

The diagram for the perturbative contribution is depicted
in Fig. 1. The expansion to leading order in a4 is consid-
ered here. This contribution amounts to the Wilson co-
efficient Cy in the OPE representation of the correlation
function in (9). We can write down this amplitude (see
Fig. 1),
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Fig. 1. Diagram for perturbative contribution

L [ Ak
o=t [ i1

ik +my) i(k+ 2 +ms)
T v :
e |:1’Y5k‘2 —m2 T (k+p2)2—m2+ie
i(k+ p+ms)
k+p1)2 —m2+ie

XYu(l = 75) ( (13)

The above integration can be performed according to
Cutkosky’s rule [14]. That is, we write the integration of
(13) in the form of a dispersion integration,

2 2 2
00:/d81d82 p(312782aq) ~.
(s1—p7)(s2 —p3)

The spectral density p(s1, s2, ¢%) can be directly calculated
by substituting the denominators of the quark propagators

for § functions, i.e., putting all the quark lines on mass
shell,

(14)

— —2mid(k* — m2), etc.; (15)

k2 —m?2 +ie

then the spectral density can be calculated from

(—2mi)3

P(Sl, 52, q2) = (2751)2

4
. /((2175)k4Tr s (& +ms)y (E+ p2 4 ms)yu(l = 75)
<(ft o+ mo)] 802 = m)3 [(k 4 p1)? — m3)
X0 [(k+p2)® —m3]|,2 .., -

p5 — 82

(16)

To perform the above integration, some basic formulas are
needed. Part of them have been given in [15] without the
quark mass; here we calculate them with the quark masses
included,

I= /d4l<:5(k2 —m?)§ [(k+p1)* — mi]

T

X6 [(k+p2)? —m3] = —, 17
b+ p2)? = ] = 7 (0
I, = /d4kkué(k2 —m?)5 [(k +p1)* —m]]
X3 [(k + p2)? — m3]
= a1p1y + bibau, (18)
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a1 = — 557z [s2(—s1 + 52 — ¢%)
+(s1 4 52 — ¢*)(m* — m3)
—2s9(m? —m?)],

br = — 57z (s1(—s2 + 51— 7?)
+(s1+ 52 — ¢*)(m* —m7)
—2s1(m* —m3)],

L, = / d*kk,k, 6 (k2 —m?)d[(k+p1)2—m3)0[(k+p2)?—m3]

=aop1uP1ot+bep2wt-c2(P1up2AP1vP2u) Fdaguy, (19)

Dlzsl—m%—&—mQ, DQESg—m§+m2,
ay = s3zm’sy
+3[3s2D1ay — (s1 4 s2 — ¢*) Daby
+s2D2b1],
by = amm?s
+§[31D1a1 — (s1+ 52— ¢*)D1by
+3s1D9b1],
cy = —#mzé(sl + 89 — ¢%)
— [5(s1+ 52 — ¢*)D1ay — 252 D1y
+%(81 + 52 — q2)D2b1] )
dg = ﬁ + i[Dléh + Dab1],

where A(s1, s2,q?) = (81 + s2 — ¢*)? — 451592, and in (17)-
(19) the substitutions p? — s; and p3 — sp have been
indicated.

3.2 The contribution of the bi-quark operators
¥ (x)¥(y), ¥(0)¥(x)

The diagrams for the contributions of ¥(z)¥(y) and
U (0)¥(x) are shown in Fig. 2. The contribution of Fig. 2b
is zero after a double Borel transformation in both vari-
ables p? and p3 because only one variable appears in the
denominator 1/(p3 —m?). So we will not consider Fig. 2b
in the following. The contribution of Fig. 2a to the corre-
lation function is

H2a _ i2/d4xd4yeip2-wfip1~y
%

x (01 (2) 7,155 ()7 (1 = 75)iSE(—y)is¥ (y)[0),  (20)

where iS5 (z) and iS5(—y) are the propagators of s and
¢ quarks, respectively. Moving the quark field operators
¥ (z) and ¥(y) together, we get

Fig. 2. Diagrams for the contributions of the non-local oper-
ators ¥ (z)¥(y) and ¥(0)¥(x)
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H2a _ 12/d4xd4yeip2-z7ip1-y
n%

(¥)10) [viSg(z)7u (1 —75)
y)i'%]aﬁ s

X <O|y:/oc($)y7ﬁ
X1Sg(— (21)

where a and § are Dirac spinor indices. The matrix ele-
ment (0|¥3(2)%, (y)|0) can be dealt with in the fixed-point
gauge [16]. We expand it up to the order of #® and y> using
the technique explained in [4,15,17],

(0125 ()4 (w)l0)

= G () (80 + 554~ )
m? im?

- e 00— g o= 0 )
+ 907G (150~ 0550
= 0P

R
B 534x24@w> (@

P4 y)m--}, (22)

a and b in the above are the color indices, m is the quark
mass, and the ellipsis stands for terms of higher orders in
the  and y expansion. From (22) we know that Fig. 2a
contributes to the coefficients of the quark condensate
(PW), the mixed quark—gluon condensate g(¥TGoW¥) and
the four-quark condensate (¥¥)2. Substituting (22) into
(21) and integrating over the coordinates z and y, we can
explicitly obtain the coefficients of these condensates con-
tributed by Fig. 2a.

3.3 Contributions of the bi-gluon operator GZVG‘”“’

The diagrams for the contribution of the bi-gluon operator
are depicted in Fig. 3. They are calculated in the fixed-
point gauge, in which the gauge fixing condition is taken
to be 2/ Af(x) = 0 [16]. Then the external gauge field can
be expressed directly in terms of the color field strength
tensor [18]:

Az / daaz’Gy, (az), (23)
which is expanded to the first order to be
a 1 a
Al (z) = fgc”Gpu(O) 4o (24)

2

In the following calculation, it is convenient to transform
AZ(JC) to the momentum space,

9 s4k)Ge, (0) +

AZ(’f) = ok, P

(27t) (25)

Then the amplitude can be written down in the mo-
mentum space by following the standard Feynman rule.
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’ \ ’ \ ’ \
’ \ ’ \ ’ \

a b c

/ A\ / A\ / A\
7/ \ 7/ \ 7/ \
/7 \ /7 \ /7 \

d e f

Fig. 3. Diagrams for contributions of the bi-gluon operator

Again, as we did in the previous subsections, we move the
gluon strength tensor operator together: G’“ Gb Then
we use the following decomposition to obtaln the ﬁl—gluon
condensate:

(01G, G4 10) = o (OGN un Gasiop — Gupos)s  (26)
in which (GG) is the abbreviation of (0|Gf, G |0).

In the evaluation of the diagrams of Fig. 3 some types
of loop integrals encountered are treated first by deriva-
tives with respect to the quark masses, then we transform
them to dispersion integrals by using Cutkosky’s rule and
with the help of the I, I, and I, functions given previ-
ously. For instance,

/d4 kuk,
2) [(k + p2)? — m3)” [(k + p1)? — m3)”
B 8m§ 8m%
ko k
x [ d*k =
/ (k2 —m?) [(k + p2)* — m3] [(k +p1)? — m]]
o 0 I
— —omi ds,d - : 27
lamg om? e (s1 —pi)(s2 — p3) 27
and
/d4k Fukyk - po
(k2 —m?2)2 [(k + p2)? — m3]" [(k + p1)? — mi]
__90 9
~ Om3 om?
x /d4k Bk 22
(k% —m?)? [(k + p2)? — m3] [(k + p1)? — mi]
_ _op 0 9 O
N Om? 5‘m§ om3
2 2
5(s2 =m5+m?) I,
ds;dss — ) 28
< o=t 2%)
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’ \ ’ \ ’ \
’ \ ’ \ ’ \
’ \ ’ \ ’ \

a b c

where the term —3(s2 —m3 +m?) comes from the ¢ func-

tions 6(k* — m?)d [(k + p2)? — m3] with the substitution
p2 — s3 when using Cutkosky’s rule.

After some long steps of calculation, we finally find
that the contributions of the diagrams (a) to (f) in Fig. 3
cancel each other. Therefore there are no contributions of
the gluon condensate in the Dy — @ transition.

3.4 Contributions of quark—gluon mixing ~
and four-quark operators: ¥ (z)¥(y)G%, and (¥¥)?

The diagrams for quark—gluon mixing and four-quark con-
tributions are depicted in Figs. 4 and 5, respectively. The
techniques are similar to that explained in the previous
subsections. We only give some different points here.

The vacuum average of the non-local quark—gluon mix-
ing operator ¥ (z)¥(y)G%, is calculated to be

nv

(O (2) %5 (y) G, [0)

1 - a
= 1792<W0'TGW>(O'#V)ﬁO¢TJ,L
g —
+ o gt — g + 0
. _ o g @W 2
ity =) (g o)
I m(@gTGsZ/)) sp,www"} Ts,  (29)
96 x 4 Ba
A\ A X
’ a \ ’ b \ ’/ c N
A A\ x
’ d \ ’ o N / £ '

Fig. 5. Diagrams for four-quark contributions

N

‘. Fig. 4. Diagrams for mixed quark—-gluon

d operators

where (UoTGW) and (¥W)? are the abbreviations of
(0@0,, TG ¥|0) and (0|F¥|0)?2, respectively. g is the
strong coupling.

Because we calculate up to the condensate of
dimension-six operators, the external gluon field Af, () in
Fig. 4 should be expanded up to the second term, which
will contribute a dimension-six operator,

1
Al () /0 daaz’G,, (ar)

1 “ 1 0won
= 7aijpu(0)+§$ 2’ DoGy,(0) + -+ (30)

2
where D,, is the covariant derivative in the adjoint repre-

sentation, (Do) = 046™" — gf™™ A% Then the other
vacuum matrix element needed is [15]

(017, %5 De Gy, |0)

= 33 i 24 <!Z'/d'/>2(g§pfyg - géa'Yp)ﬁaqui . (31)
We calculate these diagrams and find that the contribu-
tions of Figs. 4c¢,d and 5c,d vanish after double Borel trans-
formation in the two variables p? and p2, because only one
variable is appearing in the denominator; for instance,
m. The Borel transformation in p? will kill such
terms.

Following the above method, after some tedious alge-
braic derivations with the software MATHEMATICA, we
obtain the coefficients fo, f1 + f3, f1 — f3 and f5 needed
n (12). They are listed in the appendix.

4 Numerical analysis and discussion

In the numerical analysis the standard values of the con-
densates at the renormalization point ¢ = 1 GeV are taken
to be [1,20]

(qq) = —(0.24 £0.01 GeV)3,  (3s) = m2(qq),
gTaTW) = md(WW), o (PW)? =6.0 x 107> GeV®,
mg = 0.8 +0.2GeV?. (32)

The quark masses are fixed to be m, = 140 MeV, m, =
1.3GeV [21], and the decay constant of the ¢ meson is
extracted from the experimental data to be f, = 0.228
[22]. For the decay constant of the Dy meson we take
fp. =0.214 £ 0.038 GeV [21].

The Borel parameters M; and M5 are not physical pa-
rameters. The physical result should not depend on them
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Table 1. Requirements to select the Borel parameters M7 and
M3 for each form factors V(0), Ag(0), A1(0) and A2(0)

Form factors Contribution Continuum Continuum
of of Dy of ¢ channel
condensate channel
V(0) < 49% <5% < 26%
Ao(0) < 29% < 16% < 31%
A1(0) < 49% < 18% < 22%
A2(0) <11% <27% < 5%

if the operator-product expansion can be calculated up to
infinite order. However, OPE has to be truncated to some
finite orders in practice. Therefore, the Borel parameters
have to be selected in some “windows” to get the best
stability of the physical results. The requirement to select
the stable “windows” is: the Borel parameters cannot be
too large, or contributions of higher resonance and contin-
uum states cannot be effectively suppressed; at the same
time, they should not be too small, or the truncated OPE
would fail because the series in OPE generally depend on
the Borel parameters in the denominator 1/M. We find the
optimal stability with the requirements shown in Table 1
and the thresholds s?, s in the ranges s = 5.8-6.2 GeV?,
59 = 1.9-2.1GeV?. The regions of the Borel parameters
which satisfies the requirements of Table 1 are shown in
Fig. 6 in a two-dimensional diagram of M? and MZ. We
find good stability of the form factors within these regions.

Because it is not easy to show the contribution of
each term of OPE in the two-dimensional regions of M?
and M2, we show the contributions of perturbative and
condensate terms in Table 2 at a representative point
(M2, M2) in the stable region of M? and M3. In general
the higher the dimension of the operators, the smaller the
relevant contributions of the condensates. The main con-
tributions to V(0), A;(0) and A2(0) are from the pertur-
bative and quark condensate term. For Aq(0), the largest
two contributions are from the perturbative term and the
mixed quark—gluon condensate. Contributions of the four-
quark condensate are less than a few percent; therefore
contributions of the operator of dimension 6 are negligi-
ble.
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The final results for the form factors at ¢> = 0 are
V(0) = 1.21 +0.33,
Ap(0) = 0.42 £0.12,
A1(0) = 0.55 £ 0.15,
A(0) = 0.59 +£0.17,
V(0)
= =2.204+0.85
TV Al (O) )
A2(0)
= = 1.07 £ 0.43. 33
2= 2000) (33)

We compare our results for the ratios of form factors
with the experimental data in Table 3. It shows that the
results are consistent with the experimental data.

The physical region for ¢ in D, — ¢fv decay ex-
tends from 0 to (mp, — mg)? ~ 0.9GeV?. In the range
¢? < 0.4GeV?, there is no non-Landau-type singularity [5]
with the thresholds s and s chosen in this paper. The ¢*
dependence of the form factors is shown in Fig. 7 in the
range —0.4 GeV? < ¢% < 0.4 GeVZ2. Within this range, the
behavior of V(¢?) and Ag(q?) is well compatible with the
pole model,

2 V(0)
V(q ) - 1 _ q2/m1‘)/0187

while the ¢ dependence of and A;(¢?) and As(g?) is very
weak.

We fit V (¢?) and Ag(q?) by the pole model in the range
—0.4GeV? < ¢ < 0.4GeV? and extrapolate the fitted
result to the whole physical region. The fitted pole masses
are

mY  =2.08+0.13GeV,

pole
Ao 1.9+ 0.2 GeV.

pole

m (34)

The form factors calculated by the QCD sum rule in
this paper are used to calculate the differential and to-
tal decay rate of Dy — ¢fv decay. There are three po-
larization states for the ¢ meson: one longitudinal state,
two transverse polarization states (right-handed and left-
handed). The differential decay rate to the longitudinally
polarized ¢ meson is

Table 2. Contributions of perturbative and condensate terms in the
operator-product expansion to the form factors V(0), Ag(0), A1(0) and
A2(0), at a representative point (MF, M3) in the stable region of M7 and

M3. fPe': perturbative; f®): quark condensate; f: gluon condensate;
f®: mixed quark-gluon condensate; f(®: four-quark condensate

Form factors total fPert  fG) f@ G O (A2 MZ) GeV?
V(0) 1.20 0.63 0.66 0 -0.10 0.01 (2.2,1.4)
Ao(0) 043 028 —0.10 0 023 0.02 (1.7,1.5)
A1(0) 0.53 0.28 0.20 0 0.04 0.01 (2.0,1.2)
A2(0) 0.57 022 0.44 0 —0.09 0.00 (3.6,1.5)
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M2 (GeV?) M2 (GeV?)
4 4
3.5 3.5
3 3
2.5E 2.5
2 2
1.5 1.5
1 1
1.5 2 2.5 3 3.5 4 4 5 1 1.5 7772 2.5 3 3.5
M2 (GeV?) M2 (GeV?)
(a) (b)
M3 (GeV?) M} (GeV?)
. .
3.5 3.5
3 3
2.5
2.5
2
2
1.5
§ s Fig. 6. Selected regions of M? and M3:
. a for V; b for Ag; c for Ay; d for As
! : ’ ijil (GeV?) ! : : ! SMF (GeV?)
(c) (d)
2 2 + 2 2
dry, _ G| Ves| A(m2 ,m2,q?) iy GglVes| A(m2 ,m2,q?)
d¢g?  192m3m3, D2 e dg? ~ 192133, VP e
1 2 2 2 2 2
X 2m, [((mB, —m3 — ¢°)(mp, +mgy)Ai(q?) y V(g?) (mp, +mge)Ai1(qd%) (36)
2 2 2 2 mD, + My A(m3, ,m?, q%)
A(Tn‘DS 9 m¢a q ) 2 °
T mp, tmy 2O (35)
D. ¢ where the symbols “+” and “—” denote right- and left-

handed states, respectively. Finally, the combined trans-

where Gr is Fermi constant, V., is CKM matrix element verse and total differential decay rates are

for the ¢ — s transition, and

dr” d dr d
Am3, ,m3,¢%) = (m%_ +m3 —¢*)? —4m% m2. 2T S nt s & S+ Iy, (37
D1 Mg ") D, tmg—q’) DM 12 dq2(T T ) 12 dqg(L ). (37)
The differential decay rate to the transverse state is
1.2 /
1
Table 3. Comparison of our results of ry and r2 with experi-
mental data: E791 is from [11], CLEO from [10], E687 from [9] 0.8
and E653 from [§]
0.6
rv ro i L S L S
E791 2274+0.35+0.22 1.57+0.25+0.19 o.af T
CLEO 0.9+0.6+0.3 1.4+£0.54+0.3 -0.4 ~0.2 0 0.2 0.4
E687 1.8+£0.9+0.2 1.1£0.8+0.1 . 2
Fig. 7. The ¢° dependence of the form factors from the QCD
E653 2.3+11 4 0.4 21406 £ 0.2 s @ CEbencence rm factors from the Q

sum rule. The solid curve is for V'(¢?), the short dashed curve

average 1.92+£0.32 1.60 4 0.24 for Ao(q?®), the long dashed curve for A;(¢?), and the dotted
our result 2.20 +0.85 1.07 £0.43 one is for A2(q2)
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dr't /dg? dl'; /dg?
0.3
1.5
0.25
1.25
0.2
1
0.15 0.75
0.1 0.5
0.05 0.25
0.2 0.4 ( )0.6 0.8 q2 0.2 4 (b)O.G 0.8 q2
a
dFT/d(]2 dFL/dq2
1.75
1.5 1.5
1.25
1 1
0.75
0.5 0.5
0.25
0.2 0.4 0.6 0.8 q2 0.2 0 dO.6 0.8 qZ
c
ot © @
3
2.5
2
1.5
1 Fig. 8. Differential decay widths of Df — ¢fv as a function of momentum transfer
0.5 squared ¢ in units of 1074 GeV~!
0.2 0.4 0.6 0.8 q2

The differential decay widths as a function of momen-
tum transfer squared ¢? are shown in Fig. 8. We integrate
them over ¢? in the whole physical region from ¢? = 0 to
(mp, —my)? to get the integrated decay widths

I'f = (1.39 £0.75) x 107'° GeV,

Iy = (1.05+0.22) x 107 GeV,
I, = (1.18 £ 0.43) x 107 GeV,
Iy = (1.19£0.29) x 107 GeV, (38)
and the ratio of I,/It is
I,/Ir = 0.99 £ 0.43 (39)

which is consistent with the averaged experimental data:
(I'1,/Ir)®™P = 0.72+0.18 [22]. The detailed comparison of
this ratio with experimental data is shown in Table 4.
We use the total decay width of Dy meson I'p, =
1.34 x 10712 [22] to obtain the branching ratio of D —

¢lv, and our result is
Br(D} — ¢fv) = (1.8 £ 0.5)%, (40)

which is in good agreement with the experimental data:
Br(Df — ¢fv)*™® = (2.0 + 0.5)%.

5 Summary

We calculate the transition form factors for the Dy — ¢
transition in the region ¢? < 0.4 GeV? by the QCD sum

Table 4. Comparison of our results of I1,/I't with the exper-
imental data: CLEO from [10], E687 from [9] and E653 from

(8]

In/I'v
CLEO 1.0+0.3£0.2
E687 1.0+0.5+£0.1
E653 0.54 +0.21 +0.10
average 0.72+0.18
our result 0.99 +0.43

rule, where no non-Landau-type singularity occurs. Then
we fit the result from the QCD sum rule in this region of
momentum transfer and extrapolate it to the whole physi-
cal region in the decay D} — ¢fv. We treat the two Borel
parameters M? and M3 as independent parameters and
select the allowed region for M and M3 by requiring that
the higher resonance and continuum contributions in the
D, and ¢ channels are not large, at the same time requir-
ing that the condensate of higher dimension operators do
not contribute too much. We find good stability for the
transition form factors V, Ay, A; and A in the relevant
two-dimensional regions of M7 and Mj. We obtain the
results of the transition form factors V, Ag, A; and As in
these regions of M7 and M3. Our result of the ratios of
these form factors ry and ro are well consistent with the
experimental data.
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We studied the process D} — ¢fv with the form fac-
tors calculated by the QCD sum rule. For the transverse
polarization state of the final ¢ meson, the rate of D, de-
caying to the right-hand state is almost an order smaller
than the one for decaying to the left-hand state. The ra-
tio of I',/I'r and the branching ratio of D} — ¢lv are
in good agreement with the experimental data within the
error bars of both the present experimental data and the
theoretical calculation.
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Appendix

Borel transformed coefficients of perturbative and non-
perturbative contributions to the transition form factors
in (12) are given here. The contributions of the condensate
of the dimension-six operator (#¥)? are numerically neg-
ligible, whereas their expressions are more tedious; there-
fore we do not present all of them here.

(1) Results for fy:

Bfy=

BfEt + BfsY + BIs” + B
with
—sl/M —52/M

ert
/s / 3 dsz / A\ T AN MZT2N32

[252m - 252m5m - 52(2m +51—82+¢q )

+mg(—s3 + 2m2ss + s150 + ¢°s2 + )], (Al)
where A = (s1 + so — ¢%)? — 4s152. The lower integration
limit st is determined by the condition that all internal
quarks are on their mass shell [19],

2

m
e N L RO
me —4g

sy =

We have

e—me/M7—m? /M
W
< [(6M2ME — 3 + )b
+ (4(MF + M3) + ¢*)ym M3 — (M7 + M3)m
+ M3 (M} + M3 )mZm?(3M3 — m3) M7
+ M3memg(—3M7 My + (M7 + M3 + ¢*)ym2 M3

Bf(g)

o) My

— (M} + M3ym3)M7 — M3 (M7 + M3)mim?]
x (5s) (A2)
—m? 2_m?2 2
B = 2 /M3 —m? /M3
12M3 M3
x [(3BM$ — MPM3 + (M} + M3)m
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— (3My + 5MP M3 )m3) M
= M3 (M7 + M3)ymZ(3M5 —
+ MZmemg(2M3 — 2ME M3
+ My (M7 + M3 )mgm,
+ ¢* (M M3 (3M3 —m3)
x g(30TGs) ,

mg) My

+ (M7 + M3F)m2) M7

— MfMémcms)]

e—me /M —mZ /M
- SLMPM (m2 — ¢*)md
X [18 (—1 + emg/Mzz) M (2m. —mg)msMS

+ (M} —|—M2)m omy My + M (M7 + M3 )ymem M
+ Mlq m3(meM? + M2m.) M2
+ MPm2m3(—13My + 2M7 M3 + (M7 + M3)m
+ Mim? (—54( 1+ em/M; ) M2MS
+ 54MEm2 My — (M? + 10M3)m? M2

Bf

DM

+ (MF + M3)m?)
+ g2 (54 (—1 temi/ME ) MSMS — 54MIm2 MO

— (MF + MZ)ymIMy — M3 (M7 + M3 )mem M

+ M2(M{ +10M2M? — (2M? + M2)m?)miM?

— M3ime(2M{ —13M5 M7 + (2M7 + M3)m?2)m3)]

x g?(3s)% . (A4)

(2) Results for fi + f3:

B(fi+ f3) = BfL + BFY + BFY + B

with

81 3efsl/M1752/M2
e [ [
. UMPMZRENT2
X {—652 —51 + 89+ ¢*)m2 + 652(—s1 + 52 + ¢*)mem
+ 259 (—48? + 88951 — 453 +2¢* — 6(s1 — s9)m
+ A+ 2¢°(3m3 + 51+ 52)) mg
+ 289m [45% — 85981 + 455 — 2¢* 4 6(s1 — s9)m? — 3\
— 2q2(3m§ + 51 + 32)] m
+ [6(s1 — 59)80mm
+ 2(453 — 85155 4 45755 — 2Xs9 + 51 0)m
+ (51 — 82)89(25% — 4s9s1 + 255 — \)
— 259¢*(2m? 4 251 + 53)
+ ¢* (—6samy — 2(2s5 + 25152 + \)m
+ 59(287 — 65251 + 453 — A))] me
+ my [255 — 65155 + 65755 — 3As3
+ 6(s2 — 51)misy — 5355 + 35180
+ 2¢%(2m? 4 251 + 55)59 + A2
— 2(4s3 — 85153 + 4575y — 4)\sg + 51 )M
q* (6s2mis + 2(253 + 25152 + A)m?

-+ 82(728% + 65251 — 48% + 3)\))]} ) (A5)



Dong-Sheng Du et al.: Form factors and semileptonic decay of D — ¢fv from QCD sum rule 183

e—ma /M7 —m? /M3

CGMPME

x {[6MEMS — 3(MF — 2M3 + ¢*)m? M,

+ (4(MF + M3) + ¢*)ymiM3 — (M7 + M3)mS] M}
+ M3 (M} + M3 )m2m?(3Ms5 — m?) M7

— M3mems(3M7 My + (M7 + M3 — ¢*)ym? M;

+ (M7 + M3)mg)M? — My (M} + M3 )m2m3}

x (3s) |

BfY = —

o2 /ME—m? /M3
12M3 M3
x {[(MF + 3M3) My — (MF + M3)m;
+ (TM3 + 5MEM3)m?2] M
+ M3 (M7 + M3)m?(3M5 — m2) M7
— MZmems [2(M} + 2M3)M3 + (M7 + M3)m3| Mt
— My (M} + M3 )mim
+ ¢* [M3(m? = 3M3)M{ + Mymcm M7}
x g(s0TGs) ,
e—mE/Mi—m? /M
~ SIMFMS(m?2 — ¢?)m?
X {718 (71 + emﬁ/Mg) MSm2MS$
+ (TM3 — 2MZYmSm3 My + ME(M? + M3)ymim? M3
+ M12q4m§(M12ms — 2M22mc)M22
+ Mimdm3 [-26My + AM? M3 + (My — 2M3)m?] M3
+ Mim? [—54 (—1 + em?/Mf) M2ME + 54M2m2 M

Bf® =

(A8)

B

— A(MF = 2MZ)ymiM; + (M7 + M3)m]]

+ ¢ [54 (—1 +emi/M; ) MOMS — 54MIm2 MO

— (MF + MZ)ymIMy — M3 (M} — 2M3 ymem] M7

+ M3 (4(M{ = 2MPM3) — (2M7 + M3)mZ)m M7

+ Myme(—4M{ + 26M3 M7 + (AMT — TM3)m2)m?2] }
x g2 (3s)% . (A9)

(3) Results for f; — fs:

B(fi — f3) = Bf* + Bf® + Bf® 4+ B9 |

with

o et 55 s1 _gq—s1/M{—s3/M3
Bf~ :/ ds?/ AM2 M2 NG/2
am?2 sk Mo
4

x {652(s1 + 352 — ¢°)m? — 6s2(s1 + 3s2 — ¢*)mem,,
+ 259 [—4s] — 45251 + 853 + 2¢* — 6(s1 + 3s2)mZ + A
+ 2¢%(3m2 + 51 — 5s2)| m

+ 2s9m [45% + 45981 — 85% —2¢* + 6(s1 + 352)mf + A
— 2¢%(3m2 + s1 — 5s2)| m?

+ [652(s1 + 3s2)m

+ 2(s1 + 250)(—4s2 + 45155 + \)m?
+ (51 — 52)52(25% — 252 — \)
+ 2$2q4(—2m§ — 251+ $2)
+ ¢? (—6327713 —2(—10s2 + 25150 + )\)mi
— s2(—2s7 — 105251 + 453 + X)) me
— my [253 — 25155 — 25753 — As3 + 6(s1 + 3s2)miss
+ 25359 + 5180 + 2q4(—2mf — 251 + 859)89 — A2
+ 2(—885 + 45153 + 45755 + 4Asy + s1\)m?2
+ ¢* (—6samy — 2(—10s3 + 25152 + A)m?
+ 59(257 4 108951 — 455 + )\))]} ,
—mg/M;—m?/Mj
6M7PMS
x {[6M7MS — 3(M7 + 2M3 + ¢*)m2Ms
+ (M + M3) + ¢%) mgM3 — (M} + M3)m{] My
+ M3 (M + M3)mim?(3M5 — m3) M7
— M3mem (3MP My + (M7 — 3M3 — ¢*)mZ M3
+ (M? + M3)mg) M

(A10)

BfY =2

— M3(M? —l—M%)mi’mi’} x (8s) , (A11)
o _ e
120MEM3

< {[(M? = 9MZ) My — (M7 + M3)m,

+ (5M{Mj — My)mi] M

+ M3 (M} + M3 )mZ2(3M3 — m2)M;

— My (MF + MF)mim

— me [2M{m M3 + M7 (M7 + M3)m3Mj)

+ ¢° [M3(m2 — 3M3)M{ + Mymem,M7]}

x g(50TGs) , (A13)

o—m?/MZ—m? /M3
- BIMEMS (m? — ¢?)m3
x {54 (—1 n emi/Mé"> MSm2MS
+ (TM3 — 2M7)mim3 My + M7 (M7 + M3)mimiM;
+ M12q4m§(M12ms — 2M22mc)M22
+ M2mBm? [—18M2 + AM2M2 + (My — 2M2)m?2] M2

+ Mim? [_54 (_1 + emi/Mf) M2ME + 54M2m2 M}

Bf® =

— 4(MF + AMZ)YmiIM; + (M7 + M3 )m?]

+ ¢ [54 (71 + emi/Mf?) MO M

— BAMIm2MS — (M}E + M2)ymS M

— M3 (M7 — 2M3 )mem? M7

+ MZ2(AME(M? 4 4M3) — (2M? + M2)m?)m2 M3

+ Myme(—4M{ + 18M5 M7 + (4M7 — TM3)m?2)m?3] }
x g?(5s)% . (A14)
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(4) Results for f5:

B(f5) _ Bf;)ert +Bf5(3) +Bfé5) +Bfé6) ,

with

— 55 1 _ge—s1/M]—s2/Mj
° amzJsp BMEMZW2N3/?

3
c

X {252mi - 252msm3 - 252(2mf 451 — 89+ qz)m
+ 289ms(2M — 8% + 51 — 593 + ¢*)m?
+ [232m§ +2(—s2 4+ 5182 + )\)mg + so
+ 2s2¢%(m?2 + 51)] Me
— My [232m§ +2(—s2 + 5183 + )\)mi — 51\
+ ¢*(2s9m? + 25189 + )\)] } ,
e—me/M;—m? /M3

12M8MS§
x M3 (M7 + M3)m3m}
— MM + My (MM, — (M3 + 2V )]
+ [BM{m Mg — OMT (M7 + M3 )m3 My
+ (M3 + 4M7 M3 + 3M{ MF)m2] m?
+ M7 [-6M7 M3 + (M + 4M3 M7 + 3M3)m
— (6MS + 11MEM + 5MEMZ)m?
+ 3(3BMTMS + 2M{ My)m?2] m?

(A15)

BfY =

+ Mimg [-15M{ M3 + (2M7 + 3M3 M7 + My)mS

— (2M$ + 13M}E My + 11 M} M3 )m?

+ (8M{ M3 + 11M{ My)m?2] m

+ Mim?2 [3MPMS — 4(M7 + M3)miM;

+ (M} 4 M3)ymg + (2M3 + 5M{ My )m?]

+ MPM3q*m3 [(m? — 3MZ)MT + Mimm,]

+ ¢? [(6MEMS — (MF + 2M3)mS

+ (TM3 + 5MEMZ)m? — 3(MS + 2M? MF)ym?) M}

+ MZm2m?2(3MZ(2M? + M3) — (2M? 4 3M3)m?) M}
+ Mimemg(—3MEMy — (3M7? + 2M3)m?

+ (2My + 9MF MF)ym2) M — My (2M7 + M3)mim}] }
x (5s) (A16)
50 o—m?2/MF—m? /M3

fs7 = ToaMSME

x { My (M7 + M3)mym?
— M3 (M} + M3) [3M; M3 —
+ Mjmyg [(3M{ + 4M3 M7 + My)m?
— 2MPM3(5M7 + 3M3)| m?
+ [2M{(MF +3M3F) MY
+ (MY + 4AM2M} + 3MFME)m?

— 2(3M3 MY + 5M3M{)m?] m?

+ Mimg [AME (M} + 3M3) My

(&

(M} + 2M3)m?] m

+ 2(M} 4 3MZME + My)m?

+ (M$ — 8MF M3 — 13M{ M3 )m?] m,

+ M} [AMEMS + (M7 + M3)m?2(2M3 + m})

— (My +5M7 M3)m]

+ ¢* [M3(m2 — 3M3) M} + Mymem, M)

— " [(2(MF +3MZ) My + (M + 2M3)m;

— 2(2M3 + 3MEMZ)Ym?2) M

+ M3mems(My — 10MEM3 + (3M3F + 2M3)m?2) M}

+ Mzm2 ((2M7 + 3M3)m? — 3(M3 + 2M{M3)) M

+ M3 (2M7 + M3)mim,]} x g(s0TGs) . (A18)
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